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Revisiting the Theory of Tripolar HyperFuzzy Graphs
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Abstract: Graph-based models provide a fundamental mathematical framework for representing relational
systems in terms of vertices and their connections. Fuzzy sets extend classical set theory by assigning each
element a membership degree in the interval [0,1], thereby allowing partial membership rather than
restricting membership to binary values.Through the use of HyperStructures [17], Fuzzy Sets have been
generalized to HyperFuzzy Sets [18-20]. Furthermore, the HyperFuzzy Set framework has been extended to
graph-theoretic settings, leading to the development of HyperFuzzy Graphs [39-41].Motivated by these
developments, this paper investigates tripolar extensions of the hyperfuzzy framework. In particular, we
study Tripolar HyperFuzzy Sets and Tripolar HyperFuzzy Graphs, which integrate the three-pole
representation of tripolar fuzzy models with the set-valued membership structure underlying HyperFuzzy
Sets and HyperFuzzy Graphs.
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1. Introduction: Fuzzy set theory offers a mathematical framework for representing partial membership by
assigning each element a degree in the interval [0,1], instead of restricting membership to the two crisp
values used in classical set theory [1]. Since its introduction, fuzzy set theory has become an important tool
for describing vagueness and uncertainty and has motivated the development of many generalized
uncertainty models. Representative examples include Neutrosophic Sets [2—4], Plithogenic Sets [5,6], and
several other extended frameworks.

A significant line of development concerns the representation of information from multiple poles or
viewpoints. Bipolar Fuzzy Sets describe uncertainty through two contrasting perspectives, typically
expressed by positive and negative membership components [7-9]. This idea has subsequently been
extended to related models, including Bipolar Neutrosophic Sets [9,10], m-Polar Fuzzy Sets [11,12], and
other multipolar structures. Within this broader setting, a Tripolar Fuzzy Set may be interpreted as a three-
pole realization of an m-polar framework [13—16]. The introduction of three distinct components allows
information to be represented from a richer collection of perspectives than is possible in the bipolar case.
Nevertheless, the literature contains several formulations of Tripolar Fuzzy Sets, reflecting different
interpretations and mathematical treatments of the three poles.

Another important direction is obtained by incorporating higher-order structural ideas. Through the use of
HyperStructures [17], Fuzzy Sets have been generalized to HyperFuzzy Sets [18-20], while Neutrosophic
Sets have similarly been extended to HyperNeutrosophic Sets [21,22]. These constructions can be developed
further within the framework of SuperHyperStructures [23], leading to concepts such as SuperHyperFuzzy
Sets and SuperHyperNeutrosophic Sets [24,25]. Such generalized structures are potentially useful for
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representing layered, interconnected, and highly uncertain information, and they have therefore received
increasing attention in recent research.

Graph-based uncertainty models have developed in parallel with these set-theoretic extensions. A Fuzzy
Graph generalizes a classical graph by assigning membership degrees to vertices and edges, thereby allowing
uncertain, vague, or only partially specified relationships to be represented mathematically [26-28]. This
framework has inspired several further extensions, including Intuitionistic Fuzzy Graphs [29], Neutrosophic
Graphs [30-32], Interval-Valued Neutrosophic Graphs [33-35], and Plithogenic Graphs [36-38]. In addition,
the HyperFuzzy Set framework has been incorporated into graph theory, giving rise to the notion of a
HyperFuzzy Graph [39-41].

Motivated by these developments, this paper investigates tripolar extensions of the hyperfuzzy framework.
In particular, we study Tripolar HyperFuzzy Sets and Tripolar HyperFuzzy Graphs, which combine the
three-pole representation of tripolar fuzzy models with the set-valued membership structure underlying
HyperFuzzy Sets and HyperFuzzy Graphs. These concepts are intended to provide a broader framework for
describing relational systems involving both multiperspective uncertainty and hyperfuzzy information.

2. Preliminaries: This section introduces the fundamental concepts and notation required for the subsequent
discussion. Unless otherwise specified, every graph considered throughout this paper is assumed to be finite.

2.1. Tripolar Fuzzy Set and Graph: Tripolar fuzzy models describe uncertain information by means of
three coordinated components associated with positive, neutral, and counter-property perspectives [13-16].
Unlike an ordinary fuzzy description based on a single membership grade, this representation permits three
distinct viewpoints to be recorded simultaneously. When the same principle is transferred to graphs, tripolar
values are assigned to both vertices and edges, and appropriate incidence conditions are imposed so that edge
information remains compatible with its endpoints.

Definition 1 (Tripolar Fuzzy Set) (cf. [13-16]). Let X be a nonempty set. For the Rao-type formulation
adopted in this paper, a Tripolar Fuzzy Set (TFS) A on X is represented by the structure

A= {(x, pa(x),vy(x), 6A(x)): x € X},
whose three component functions are given by
pava:X = [0,1], S0 X = [-1,0],
subject to the following admissibility condition for every x € X.
0<pu(x)+vy(x) <1

Here, p4(x) gives the positive membership degree, v4(x) describes the neutral, indeterminate, or irrelevant
degree, while §4(x) expresses the degree associated with the corresponding counter-property. Thus, each
element x € X is represented by the tripolar value

A = (pa(x),v4 (%), 8,(x)).

For two admissible tripolar values
a= (ap,ao,ac), b= (bp,bo,bc),

the componentwise order used throughout this paper is defined by

as<rb & a,<bh,, ag = by, a.=>b..
T 14 14 0 0 c c
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With respect to this order, the corresponding meet is
airb= (min{ap, b,}, max{ay, by}, max{a, bc}).

Definition 2 (Fuzzy Graph). Let G* = (V,E) be a finite simple graph. A Fuzzy Graph on the underlying
graph G* is a pair G = (o, W), consisting of the mappings

6:V—]0,1],

n:E—10,1],

such that, for each edge {u,v} € E,
u({u,v}) < min{o(w), o(v);}.

The value o(v) expresses the membership degree of a vertex v, whereas p({u,v}) gives the membership
grade associated with the edge {u,v}. The inequality above guarantees incidence compatibility: the
membership assigned to an edge cannot exceed the membership degree of either incident vertex.

Definition 3 (Tripolar Fuzzy Graph). Let
%
c=wp,  Ec())

be a finite simple graph. Assume that
Ay = (pv, v, 6y)
is a Tripolar Fuzzy Set on I/, and that
Ag = (pe, Ve, OF)
is a Tripolar Fuzzy Set on E. Write
py,vy:V = [0,1], Sy V = [-1,0],
P, Ve: E = [0,1], g E - [-1,0],
where
0<pW+v(w) <1 (weV),

and
0<pgle)+vg(e) <1 (e€E).
The structure

g = (G:AV'AE)

is called a Tripolar Fuzzy Graph (TFG) provided that, for every edge e = {u,v} € E, the following
incidence-compatibility condition is satisfied:

Ag(e) <7 Ay(w) Ar Ay (v).

Equivalently, in componentwise form, for every {u, v} € E, the condition can be written as
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pe{u, v}) < min{py, (W), py (¥)},

ve({u, v}) = max{vy, (w), vy (v)},
together with

8 ((w, v)) = max{8, W), §, ()}.

The positive component obeys the usual incidence restriction from fuzzy graph theory. The neutral and
counter-property components, however, follow the reversed directions prescribed by the tripolar order above,
so their inequalities appear with the opposite orientation. Taken together, these three componentwise
conditions ensure that the tripolar information carried by an edge is compatible with the tripolar information
assigned to both incident vertices.

2.2. HyperFuzzy Set and HyperFuzzy Graph: HyperFuzzy Sets replace a single fuzzy membership degree
by a nonempty set of admissible membership degrees. HyperFuzzy Graphs transfer this set-valued
membership mechanism to vertices and edges [49,50].

Definition 4 (HyperFuzzy Set) [39,40]. Let X # @ and let /=/0,1]. We define
P ={AS:A =+ o)}
A HyperFuzzy SetA on X is a mapping
fia: X - P([0,1]).
Thus, each x € X is assigned a nonempty set jiy(x) € [0,1] of possible membership degrees.
For every nonempty bounded real set A, let U(A) denote its supremum and let L(A4) denote its infimum.

Definition 5 (HyperFuzzy Graph) [39,40]. Let G, = (V, E) be a finite simple graph. A HyperFuzzy Graph
on G is a triple

G = (Go, 6, ),
where
&V - P([0,1]),
i E - P([0,1]).
and, for every edge e = {u, v} € E,
U((e)) < min{U(6w), U(6(w))}.

Because all assigned sets are nonempty subsets of [0,1], the quantities appearing in this condition are well-
defined.

3. Results: Tripolar HyperFuzzy Graph: We now combine the tripolar structure of Definition 1 with the
set-valued membership mechanism of HyperFuzzy Sets. The upper endpoint functional U is used for the
positive component, whereas the lower endpoint functional L is used for the neutral and counter-property
components, consistently with the reversed order of the latter two coordinates in the tripolar order <.

Definition 6 (Tripolar HyperFuzzy Set). Let X be a nonempty set, and define
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Hy ={ACS[0,1]:A4 # 2}, H,={A<S[-1,0]:A # o}.
A Tripolar HyperFuzzy Set (THFS) A on X is a triple
A= (ﬁA:VA:SA)'
where
PaVar X - Hp, 841 X > H,,
and, for every x € X,
U(pa(0) + U(7,(0) < 1.

Thus, each x € X is represented by the tripolar set-valued membership profile

AG0) = (Pa ), 74(0), 5, ).

The three components describe positive, neutral (or indeterminate/irrelevant), and counter-property
hyperfuzzy information, respectively. If every assigned set is a singleton, then this definition reduces exactly
to the Tripolar Fuzzy Set of Definition 1.

Definition 7 (Tripolar HyperFuzzy Graph). Define
Hy ={ACS[0,1]:A4 # 2}.
H,={A<S[-1,0]:A # o}.
Let G, = (V, E) be a finite simple graph. Consider the vertex maps
Pv, ViV = Hy,
Sy V - H,.
and the edge maps
P, Vg E = Hy,
8pi E - H,.
Assume that
U(py)+U[FH W) <1Lvev,
and
U(pg(e)) + U(Pg(e)) < 1,e EE.

Write

)

V= (ﬁv'ﬁv:gv)-
AE = (ﬁE'VE:SE)-

The structure
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G = (6o, Ay, i)
is called a Tripolar HyperFuzzy Graph (THFG) if, for every e = {u, v} € E,
U(p(e)) < min{U(py W), U(py ()},

L(¥5(e)) = max{L(¥, (w)), L(¥y »))},

and
L(85(e)) = max{L (&, ), L (6, @)},
If every assigned set is a singleton, Definition 7 reduces exactly to the Tripolar Fuzzy Graph of Definition 3.

Theorem 1 (Well-definedness of the Tripolar HyperFuzzy Graph). Let G, = (V, E) be a finite simple
graph, and suppose that the vertex maps py, ¥y, 8y in Definition 6 have nonempty values in their prescribed
intervals and satisfy

U(py(») + U () < 1w e V).
For each edge e = {u, v} € E, define
pe(e) = {min(r, 1,): 7, € py(w), 7, € py(W)},
Vg(e) = {max(n,,n,):n, € vy (u), n, € vy (v)},
and
55 (e) = {max(dy, d,): d, € 6y (w), d, € &, (v)}.
Then these maps are well-defined and determine a Tripolar HyperFuzzy Graph G = (GO, Ay, A E).

Proof. Fix e = {u, v} € E. Since all vertex-value sets are nonempty, each of the three sets defining gz (e),

Vg(e), and z(e) is nonempty. The functions min and max preserve the intervals [0,1] and [—1,0],
respectively. Hence

pe(e),vg(e) € Hy.
SE(e) € }[C'

Moreover, these definitions are symmetric in u and v. Therefore, they depend only on the unordered edge
{u, v} and not on an ordering of its endpoints.

For arbitrary nonempty bounded real sets A and B, one has

U({min(a,b):a € A, b € B}) = min{U(4),U(B)},
and

L({max(a,b):a € A, b € B}) = max{L(A), L(B)}.
Consequently,

U(pe(e)) = min{U(py W), U(By (v))},




L(¥5(e)) = max{L(¥, (W), L(#, 1))},
and
L(85(e)) = max{L (&, ), L (6, @)},
Thus all three edge-compatibility conditions in Definition 7 hold, in fact with equality.
It remains to verify the edge admissibility condition. For x € {u, v}, put
px = U(py ().
n, = U(ﬂv(x)).
The canonical construction gives
U(ﬁE(e)) = min{py, p, }.
U(¥g(e)) = max{n,, n,}.
Choose w € {u, v} such that n,, = max{n,, n,}. Then
U(pe(e)) + U(Pz(e)) = min{py, py} + My < py +1yy < 1.

Hence the edge tripolar hyperfuzzy value satisfies the required admissibility condition. Since e was arbitrary,
the construction defines valid edge maps on all of E. Consequently, G is a Tripolar HyperFuzzy Graph. This
completes the proof.

4. Conclusion This paper investigated tripolar extensions of the hyperfuzzy framework. In particular, we
studied Tripolar HyperFuzzy Sets and Tripolar HyperFuzzy Graphs, which integrate the three-pole
representation of tripolar fuzzy models with the set-valued membership structure underlying HyperFuzzy
Sets and HyperFuzzy Graphs. We hope that future studies will further extend the concepts introduced in this
paper by incorporating structures such as HyperGraphs [44,45] and SuperHyperGraphs [46,47].
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